Abstract: This note proposes a modification of gradient-dependent plasticity to improve convergence. In gradient-dependent plasticity, the consistency condition, which results in a differential equation with respect to the plastic multiplier, is solved simultaneously with the equilibrium equation. In each iteration, the consistency condition is not really satisfied and the stress is generally not on the yield surface; this results in poor convergence. A modification is proposed, in which gradient-dependent plasticity is recast into the classical plasticity framework and a strict stress mapping strategy is established. Instead of solving a differential equation simultaneously with the equilibrium equation, the plastic multiplier is solved by minimizing a functional separately. The consistency condition can be satisfied and the stress is mapped back to the yield surface.
INTRODUCTION
In gradient-dependent plasticity, the yield strength depends on the Laplacian of an invariant measure of plastic strain. The consistency condition results in a differential equation with respect to the plastic multiplier instead of an algebraic equation as in classical plasticity. Unlike in classical plasticity, the plastic multiplier cannot be decided at a local (Gauss point) level without referring to other material points. In order to solve the consistency condition, de Borst and Mühlhaus (1992) , de Borst et al. (1995) introduced the weak forms of the equilibrium equations and the yield condition, and discretized the plastic multiplier as well as the displacements; therefore the consistency condition was solved simultaneously with the equilibrium equation. The satisfaction of yield criterion is only achieved in a distributed sense when convergence is reached; in each iteration, however, the consistency condition is not really satisfied and the stress state is generally not on the yield surface, which influences the convergence of the solution adversely.
Several approaches were proposed to decouple the solution of the plastic multiplier from the displacements. Vardoulakis et al. (1992) approximated the plastic multiplier at a local level, alternatively, Zervos et al. (2001a, b) proposed a unified theory that allows the formulation of the rate boundary value problem in terms of displacements only. Li and Cescotto (1996) presented a finite element scheme in which the Laplacian of the effective plastic strain at a quadrature point is evaluated by using the values of the effective plastic strains at neighboring quadrature point.
In this note, a modification is proposed to improve the convergence of gradient-dependent plasticity. In the modified method a functional, which captures the consistency condition, is proposed. The plastic multiplier is obtained by minimizing the proposed functional instead of solving the consistency condition simultaneously with the equilibrium equation. This minimization returnmapping algorithm then brings stress point-wise back to the yield surface, and convergence is improved.
CONVENTIONAL GRADIENT-DEPENDENT PLASTICITY
The standard formulation of gradient-dependent plasticity was found in de Borst and co-workers (de Borst and Mühlhaus 1992; de Borst et al. 1995; Pamin 1994) . Gradient-dependent plasticity theory is identified by the dependency of yielding function on the Laplacian of the hardening parameter, i.e., (1) where is stress tensor, , is the hardening parameter, and . This makes the consistency condition, f · = 0, a differential equation with respect
where , , , and is the plastic multiplier. In this note, the equivalent plastic strain is used as the hardening parameter. Generally , with being a constant depending on the yield function.
Eqn 2 results in a differential equation of plastic multiplier, we cannot solve it for directly. de Borst et al. (1995) solved the equilibrium equations and the yield condition simultaneously by the finite element method. For this purpose, it is necessary to employ a weak satisfaction of the yield condition and to discretize the plastic multiplier, in addition to the discretization of the displacement field. From the equilibrium equations we obtain:
where represents equilibrium equations. Moreover, unlike in conventional plasticity, the yield criterion is satisfied in a distributed sense. Importantly, it is only fulfilled when convergence is achieved and not necessarily during the iterative process. So we have (4) where is the volume that has plastic strain developed in the current load step. By solving the equilibrium (Eqn 3) and the yield condition (Eqn 4) simultaneously we can obtain and .
Gradient-dependent plasticity generally does not exhibit good convergence characteristics, as the consistency condition is not really satisfied in each iteration and the stress state is generally not on the yield surface.
MODIFICATION OF GRADIENT-DEPENDENT PLASTICITY
To improve the convergence, we recast the consistency condition as a minimization problem. This we solve by classical minimization methods for the real in each iteration. In that way, we return the problem to a more conventional approximation, satisfying the given conditions at each step.
We introduce the following functional (Mühlhaus and Aifantis 1991): (5) where and are independent variables, and ; and are the volume and the surface of the body concerned. On , we recover the equilibrium equation, the natural boundary condition, and the condition that should satisfy. Assume that is known and is to be decided, the functional in Eqn 5 degenerates to: (6) in which is known, and so from we recover the condition that should satisfy. That is, the real corresponds to the stationary point of . Because , and if we assume , then the real minimizes . It should be noted that, for the elastic case (including unloading and reloading), . In order to guarantee that in the elastic zone during the minimization procedure, we introduce a penalty parameter, , which is a large positive number (e.g., ). Hence, for both cases, we can minimize (7) to obtain for all the Gauss points. Introducing a penalty parameter is only a minimization technique for
constrained problems, and the penalty parameter is independent from the yield criterion used. The only difference between the modified gradientdependent plasticity and classical plasticity is the method to decide the plastic multiplier . In classical plasticity, is decided by an algebraic equation at each Gauss point, and here is decided by minimizing for all Gauss points. Therefore, in finite element analysis, we are able to follow the standard finite element scheme (e.g., Owen and Hinton 1980) with the only exception that is decided by minimizing the functional in Eqn 7.
Let denote the multiplier decided by classical plasticity. Once we have calculated , let . We can express as (8) Following the formulation of the classical plasticity, the stress rate is (9) and the elasto-plastic matrix is (10) This modification overcomes the disadvantages of the formulation of conventional gradient-dependent plasticity. The consistency condition can be satisfied at each iteration, and the convergence of the solution is based on a sound theoretical foundation. However, because the plastic multiplier is determined through a minimization procedure, it is slower than conventional gradientdependent plasticity method. As usual, the displacement field requires C 0 -continuous interpolation functions and can be solved through normal finite element scheme. Once we have solved and then we can calculate for each element. After knowing , the corresponding can be obtained by minimizing the functional in Eqn 7. The dependence of the yield function on requests C 1 -continuous interpolation functions for , even though contains only the first-order derivatives of .
In elastic field, we already know . Therefore, for an element, if its all Gauss points are at elastic states, we assume that the whole element is elastic, and the nodal values of at the nodes of the elastic element are taken to be zero. In a localization problem, the plastic zone is limited to a small region, so a large number of the nodal values of could be calculated and only a few components need to be decided by minimizing the functional in Eqn 7.
MINIMIZATION
From the functional in Eqn 7, we know that is not an analytical function. Therefore, our minimization strategy must be a direct search method. In this note, Powell's method is used to construct the search directions and the Golden Section method serves as the onedimension minimization technique (Press et al. 1992) .
A well-selected initial point will accelerate the minimization procedure. Generally speaking, of gradient-dependent plasticity is smaller than which is for classical plasticity. We take as a rough guess for . (11) where are the nodal values of , and are the four shape functions that are the same as those of a four-node iso-parametric element, with and being the local coordinates. Four Gauss points are located at , , , and in the local coordinates. The values of at Gauss points, , are related to the nodal values by: 
By solving Eqn 12, the nodal values, , are obtained. As for a node shared by several elements, we may obtain several nodal values from these elements. In this case, we simply use the average of all these values.
The interpolation (Eqn 11) does not contain derivatives. The derivatives obtained from this interpolation are discontinuous across element boundaries. Hence, we simply assume all the derivatives of are zero at all nodes because they are only used as a starting point for . After obtaining the values of at each node, we take as the initial point of Powell's procedure. Powell's method is a stable and robust minimization method; the results of the minimization procedure are independent from the initial point selected.
EXAMPLE OF THE MODIFIED GRADIENT-DEPENDENT PLASTICITY
Consider the example of a softening panel under compression (de Borst et al. 1995) with properties: width , height , the elastic modulus E = 12,000 N/mm 2 , Poisson's ratio , the yield stress , and the softening modulus . The gradient constant is . In this instance, a linear softening law and von Misses yield criterion are used. A mesh of 9 × 18 four-node iso-parametric elements with 2 × 2 Gauss integral points is used. An imperfection of 10% is introduced into the bottom right corner element.
The solution is convergent. For each loading step, it generally takes ten to fifteen iterations to converge, whereas conventional gradient-dependent plasticity usually needs more than thirty iterations to converge if at all. Compared with conventional gradient-dependent plasticity, the modified gradient-dependent plasticity is approximately 1.5 times longer (for this example). Though the modified gradient-dependent plasticity has only two degrees of freedom at each node and a symmetric stiffness matrix, for each iteration, the plastic multiplier is evaluated by a direct-search minimization method that is substantially longer to complete than solving a set of nonlinear algebraic equations. Hence, for each iteration the modified gradient-dependent plasticity takes approximately four times longer than conventional gradient-dependent plasticity. Fortunately, the modified gradient-dependent plasticity needs fewer iterations to reach convergence.
A shear band is obtained as shown as in Figure 1 and the corresponding load-displacement curve shown as in Figure 2 . The results are very close to those given in de Borst et al. (1995) , which serve to confirm the accuracy of the proposed modification compared with conventional gradient-dependent plasticity.
CONCLUSION
Conventional gradient-dependent plasticity solves the consistency condition simultaneously with the equilibrium equations and the satisfaction of yield criterion is only achieved in a distributed sense when convergence is reached. Without a strict stress mapping strategy, conventional gradient-dependent plasticity usually has poor convergence. In this note, a modification has been proposed to recast gradient-dependent plasticity into the classical plasticity framework. The plastic multiplier was decided by a minimization procedure. Through the above numerical example, the following conclusions should be highlighted:
1. Gradient-dependent plasticity can be recast into the classical plasticity framework and a strict stress mapping strategy can be established; 2. A functional has been proposed to capture the consistency condition. The plastic multiplier satisfying a differential equation is solved by minimizing the proposed functional separately instead of being determined simultaneously with the displacement field. The satisfaction of yield criterion is achieved in each step; 3. The minimization procedure can be significantly improved by eliminating nodal values of in elastic zone and selecting a well-guessed initial point; and 4. The numerical example exhibits that the proposed method has good convergence.
